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Given a Hausdorff continuum X , we introduce a topology on X × X that yields a Hausdorff
continuum. We call the resulting space the Alexandroff–Urysohn square of X and prove
that X has the ﬁxed point property if and only if the Alexandroff–Urysohn square of X has
the ﬁxed point property.
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Many topological properties (e.g., compact, connected, path connected) are preserved in certain basic topological con-
structions. The three mentioned, in particular, are preserved in products with the product topology. However, the ﬁxed point
property (fpp) is often not preserved in basic constructions. This is true for products, cones, quotients, and unions of two
continua even when their intersection is an arc. Even the product of only two continua, each with the fpp, has proved to
be unfriendly to the fpp. There are examples of
(1) a 1-dimensional continuum X with the fpp such that X × [0,1] does not have the fpp [9],
(2) a contractible continuum X with the fpp such that X × [0,1] does not have the fpp [7],
(3) a polyhedron X with the fpp such that neither X × [0,1] nor X × X has the fpp [8], and
(4) manifolds X and Y with the fpp such that X × Y does not have the fpp [6].
Still open is the question “If X is a manifold with the fpp, does X × X have the fpp?”. See [3] for a nice survey article
concerning products and the fpp.
By a continuum we mean a compact, connected topological space. In Section 1, we deﬁne a construction that produces
a compact, connected, Hausdorff topology on the set-theoretic product of a Hausdorff continuum with itself that not only
preserves the fpp, but yields a characterization of the fpp for Hausdorff continua. In Section 2, we deﬁne a generalization of
this construction to a product of two possibly different Hausdorff continua and determine necessary and suﬃcient conditions
for the resulting space to have the fpp.
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In 1929, P.S. Alexandroff and P. Urysohn [1] deﬁned an interesting space that came to be known as the Alexandroff
square. A deﬁnition of the Alexandroff square ([0,1]2, τ ) is given by L.A. Steen and J.A. Seebach in [10, Ex. 101, pp. 120–
121]. The resulting topology on [0,1]2 yields a non-metrizable, path connected, compact Hausdorff space. In [5], it is shown
that the Alexandroff square has the fpp. In the spirit of this example, we make the following deﬁnitions.
Let X be a non-degenerate Hausdorff continuum. We take the Cartesian product of X with itself, denoted by X2, and
deﬁne the Alexandroff–Urysohn (AU) topology on X2 as follows. Let  denote the diagonal in X2.
1) For each point (x, y) ∈ X2 − , let U y be a neighborhood of y in X that doesn’t contain x, and deﬁne V (x, y) =
{x} × U y . We will refer to V (x, y) as a basic vertical neighborhood of (x, y).
2) For each point (x, x) ∈ , pick a ﬁnite set of points {xi ∈ X | xi = x, 1  i  n} (possibly empty) and let Ux be
a neighborhood of x in X . Deﬁne H(x, x) = (X × Ux) −⋃ni=1({xi} × Ux). We refer to H(x, x) as a basic horizontal strip
neighborhood of (x, x).
We refer to X2 with the AU topology as the AU square of X and denote this space by X × X . Analogous proofs to those
indicated in [10] give us that X × X is compact, Hausdorff, and non-metrizable.
We make a few additional observations about the AU square of X .
Observation 1. The relative topology on {x} × X for x ∈ X is the topology on X.
Observation 2. The relative topology on  is the topology on X.
Proof. Observe that for a horizontal strip neighborhood H(x, x) = (X × Ux) −⋃ni=1({xi} × Ux), we have H(x, x) ∩  = [(X ×
Ux) −⋃ni=1({xi} × Ux)] ∩  = {(y, y) | y ∈ Ux −⋃ni=1{xi}} T≈ Ux −⋃ni=1{xi}. 
Observation 3. X × X is connected.
Proof. Let (x, y) and (v,w) be points of X × X . Then ({x} × X) ∪  ∪ ({v} × X) is a subcontinuum of X × X containing
(x, y) and (v,w). 
Observation 4. Let πi : X × X → X denote the coordinate projections for i = 1,2. The second coordinate projection π2 is continuous.
The ﬁrst coordinate projection π1 is discontinuous at points of  and continuous at points not in .
Proof. To see that π2 is continuous, simply observe that the preimage under π2 of a neighborhood in X is a basic horizontal
strip neighborhood in X × X .
Since each horizontal strip neighborhood of a point of  is projected by π1 onto the complement of a ﬁnite set in X , it
follows that π1 is discontinuous at each point of .
For each point (x, y) /∈ , let Ux be a neighborhood of x = π1(x, y) in X . Let V (x, y) be a basic vertical neighborhood of
(x, y). Then π1(V (x, y)) = {x} ⊆ Ux . So, π1 is continuous at points not in . 
Observation 5. Let j : X →  be deﬁned by j(x) = (x, x). Then j ◦ π2 is a retraction of X × X onto .
Proof. By Observation 2, j is continuous. By Observation 4, it follows that j ◦ π2 is continuous. 
Lemma 1. Let Y0 =  T≈ X. For {xi | 1 i  n} a ﬁnite set of points in X, let Yn =  ∪ (⋃ni=1{xi} × X). Deﬁne pn : X × X → Yn by
pn(x, y) =
{
(x, y) if (x, y) ∈ Yn,
(y, y) if (x, y) /∈ Yn.
Then pn is a retraction onto Yn and pn((X × X) − Yn) = .
Proof. To show that pn is continuous, we write X × X as the union of closed sets K =  ∪ (⋃x=xi ({x} × X)) and Yn; and
note that pn is j ◦ π2 on K and is the identity map on Yn . That K ∪ Yn = X × X is clear. It follows from Observations 1
and 2 that Yn is a subcontinuum of X × X . To see that K is closed, we note that its complement is ⋃ni=1({xi} × X) − ,
which is open by Observation 1. So, K and Yn are closed.
It is easy to see, by applying the deﬁnitions to both sides, that pn = j ◦ π2 on K . Also, by deﬁnition, we see that pn is
the identity map on Yn . Furthermore, j ◦ π2 is the identity map on K ∩ Yn = . It follows that pn is continuous. From the
deﬁnition of pn , we see that pn((X × X) − Yn) = . 
We note that Observation 5 is a special case of Lemma 1 when n = 0. J. Prajs has observed that the AU topology on X2
is the smallest topology for which the maps p1 are continuous onto  ∪ ({x1} × X) with the wedge sum topology.
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Proof. ⇒: Let f : X × X → X × X be a mapping. Since X has the fpp, it follows from Observation 2 that the
map jπ2 f | : →  has a ﬁxed point z1 = (u1,u1). So, (u1,u1) = jπ2 f (u1,u1) = (π2 f (u1,u1),π2 f (u1,u1)). Hence,
u1 = π2 f (u1,u1). Thus, f (u1,u1) = (x1,u1) for some x1 ∈ X .
Let Y1 and p1 : X× X → Y1 be deﬁned as in Lemma 1 for the ﬁnite set {x1}. Since Y1 is a wedge sum of  and {x1}× X ,
Y1 has the fpp. So, the map p1 f |Y1 : Y1 → Y1 has a ﬁxed point z2. If f (z2) ∈ Y1, then since p1 is a retraction, it follows that
z2 is a ﬁxed point of f and we are done. So, we assume that f (z2) /∈ Y1. By Lemma 1, p1 f (z2) = z2 ∈ . Let z2 = (u2,u2).
Since f (z2) /∈ Y1, (u2,u2) = (u1,u1). We get that (u2,u2) = p1 f (u2,u2) = (π2 f (u2,u2),π2 f (u2,u2)). So, u2 = π2 f (u2,u2).
Thus, we let f (u2,u2) = (x2,u2) for some x2 ∈ X with x2 = x1.
Let Y2 and p2 : X × X → Y2 be deﬁned as in Lemma 1 for the ﬁnite set {x1, x2}. Since Y2 is a wedge sum of Y1 and
{x2} × X , Y2 has the fpp. So, the map p2 f |Y2 : Y2 → Y2 has a ﬁxed point z3. Again, we may assume that f (z3) /∈ Y2, for
otherwise f has a ﬁxed point. So, as in the previous paragraph, z3 ∈ . We let z3 = (u3,u3) and it follows that (u3,u3) =
(ui,ui) for i = 1,2. We get that (u3,u3) = p2 f (u3,u3) = (π2 f (u3,u3),π2 f (u3,u3)). So, u3 = π2 f (u3,u3). Thus, we let
f (u3,u3) = (x3,u3) for some x3 ∈ X with x3 = xi for i = 1,2.
Continuing, we get a sequence of points {(un,un)} in  such that for each n = m  1, (un,un) = (um,um), f (un,un) =
(xn,un), and xn = xm .
By Theorem 3.1.23 in [4], {un} has a cluster point u in X . By Proposition 1.61 of [4], we let {unα } be a net ﬁner than {un},
with domain the directed set D , that converges to u in X . By Observation 2, {(unα ,unα )} converges to (u,u) ∈ . If H(u,u) =
X × Uu −⋃ni=1({vi} × Uu) is a horizontal strip neighborhood of (u,u) in X × X , there is a β ∈ D such that for α  β ,
unα ∈ Uu and xnα = vi for 1  i  n. It follows that (xnα ,unα ) is in H(u,u) for α  β . So, {(xnα ,unα )} also converges
to (u,u). By continuity of f , { f (unα ,unα )} converges to f (u,u). Thus, by uniqueness of limits in Hausdorff spaces (see
Proposition 1.67 in [4]), f (u,u) = (u,u).
⇐: Suppose that the AU square of X has the fpp. It follows from Observation 5 that  has the fpp. By Observation 2,
X has the fpp. 
2. The AU product of two possibly different continua
It is possible to deﬁne an AU topology on the product of two possibly different Hausdorff continua X and Y if there
exists a surjective map g from Y to X . We simply use the graph of g in X × Y in the same manner we used  (the graph
of id : X → X ) in X × X . Speciﬁcally, let g denote both the function g : Y → X and the graph of g in X × Y . That is,
g = {(g(y), y) | y ∈ Y }. One might view X × Y and g (set theoretically) as an inverse system with two factors and the graph
of g as the inverse limit. However, the topology will be deﬁned, not as the product topology, but as follows.
1) For each point (x, y) ∈ (X × Y ) − g , let U y be a neighborhood of y in Y that misses g−1(x), and deﬁne V (x, y) =
{x} × U y . We will refer to V (x, y) as a basic vertical neighborhood of (x, y).
2) For each point (g(y), y) ∈ g , pick a ﬁnite set of points {xi | xi = g(y), 1  i  n} (possibly empty) and let U y be a
neighborhood of y in Y . Deﬁne H(g(y), y) = (X × U y) −⋃ni=1({xi} × U y). We refer to H(g(y), y) as a basic horizontal strip
neighborhood of (g(y), y).
We refer to the space X × Y with the topology so deﬁned as the AU(g) product of X and Y , denoted X ×g Y .
Once again X ×g Y is a Hausdorff continuum. It is easy to check that X ×g Y also satisﬁes the appropriately modiﬁed
Observations 1 through 5, and Lemma 1. It should be noted that horizontal ﬁbers X × {y} meet g in exactly one point,
namely (g(y), y); but vertical ﬁbers {x} × Y will typically meet g in a non-degenerate set of points.
We give the modiﬁed statements of Observation 5 and Lemma 1 below.
Observation 6. Let j : Y → g be deﬁned by j(y) = (g(y), y). Then j ◦ π2 is a retraction of X ×g Y onto g.
Lemma 2. Let Y0 = g T≈ Y . For {xi | 1 i  n} a ﬁnite set of points in X, let Yn = g ∪ (⋃ni=1{xi} × Y ). Deﬁne pn : X ×g Y → Yn by
pn(x, y) =
{
(x, y) if (x, y) ∈ Yn,
(g(y), y) if (x, y) /∈ Yn.
Then pn is a retraction onto Yn and pn((X ×g Y ) − Yn) = g.
The proofs of Observation 6 and Lemma 2 are analogous to the proofs of Observation 5 and Lemma 1.
Since g
T≈ Y , the relative topology on Yn is the topology on the sum of Y and each {xi} × Y glued together at g−1(xi).
Equivalently, if we let ji : g−1(xi) ↪→ Y be inclusion for each 1  i  n, then Yn is homeomorphic to the adjunction space
Y ∪ j1 Y ∪ j2 Y ∪ j3 · · · ∪ jn Y .
Theorem 2. Let X ×g Y be the AU(g) product of continua X and Y and let Yn denote subspaces of X ×g Y as deﬁned in Lemma 2.
Then X ×g Y has the fpp if and only if each Yn has the fpp.
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⇐: The proof of this implication is similar to the proof of Theorem 1 with g replacing . One should also note that in
the proof of Theorem 1, since Y has the fpp and each Yn is a wedge sum of n+1 copies of Y , it follows that each Yn has the
fpp. In this direction of the proof of Theorem 2, each Yn has the fpp by assumption. Otherwise, the proof is analogous. 
Corollary 1. Let I ×g I be the AU(g) square of I = [0,1]. Then I ×g I has the fpp if and only if g is monotone.
Proof. ⇒: Suppose g : I → I is a surjective non-monotone map. Let s ∈ I with g−1(s) not connected. Let t ∈ I − g−1(s) be
a point separating two components of g−1(s). Let (t1, t2) be the maximal open segment in the complement of g−1(s) that
contains t . Consider Y1 = g ∪ ({s} × I). Now, C = g|[t1,t2] ∪ ({s} × I) is either a simple closed curve or a simple closed curve
with one or two stickers attached. In any case, C does not have the fpp.
Let h : I → {s} × I be the mapping deﬁned by h(x) = (s, x). It follows from Observation 1 that h is continuous. Let
p : Y1 → C be the retraction where p = h ◦ π2 on g|I−(t1,t2) , and p = id on C . Since h ◦ π2 = id on g|I−(t1,t2) ∩ C = g−1(s),
p is continuous. Since C does not have the fpp, neither does Y1. It follows from Theorem 2 that I×g I does not have the fpp.
⇐: Simply observe that if g is monotone, then each In = g ∪ (⋃ni=1{xi} × I) is a tree and therefore has the fpp. 
In light of Corollary 1, one might ask if, in general, X ×g Y having the fpp is equivalent to the map g being monotone.
We give examples to show that neither implication holds.
Example 1. There exist metric continua X and Y with the fpp and a monotone map g : Y → X such that not all Yn have the
fpp, and therefore, by Theorem 2, X ×g Y does not have the fpp.
Proof. Let D ⊆ R2 be the unit disk in the plane given in polar coordinates by D = {(r, θ) | 0  r  1}. Let I = {(r,0) | 0 
r  1} be the unit interval in polar coordinates. Deﬁne g : D → I by g(r, θ) = (r,0). Note that g is monotone.
Consider the space I ×g D . Let Y1 = g ∪ ({(1,0)} × D) and let p1 be the retraction as deﬁned in Lemma 2. Then Y1 is a
topological 2-sphere, which does not have the fpp. Note that p1 followed by the “antipodal” map on Y1 is a ﬁxed point free
map on I ×g D . 
Example 2. There exist metric continua X and Y with the fpp and a non-monotone map g : Y → X such that each Yn (and
therefore X ×g Y ) has the fpp.
Proof. Let L, T , and S be subsets of the plane R2 given by L = {(0, t) | −1  t  1}, T = {(x, sin 1x ) | 0 < x  23π }, and
S = {(x, y) | (x− 13π )2 + (y + 1)2 = 19π2 and y −1}. Let X = L ∪ T ∪ S . Note that X is topologically the Warsaw circle (also
called the sin 1x circle), which has the fpp (see [2, Th. 13]). Let Y = L ∪ T . Note that Y is the topologist’s sine curve, which
also has the fpp.
For convenience and clarity in describing Example 2 and its properties, we will think of X and Y as being disjoint, and
we choose the following notations for points of X and Y .
Points (0, t) of L ⊆ Y will be denoted by at . Note that T ⊆ Y is a topological ray. We denote its points by αt for t  0
with α0 = ( 23π , sin( 3π2 )).
Points (0, t) of L ⊆ X will be denoted by bt . Note that T ∪ S ⊆ X is a topological ray. We denote its points by βt for t  0
with β0 = (0,−1) = b−1.
Deﬁne the map g : Y → X by g(at) = bt for at ∈ L and g(αt) = βt for αt ∈ T . Note that g−1(β0) = {a−1,α0}; otherwise,
g is one-to-one. So, g is not monotone. The map g is equivalent to the quotient map on Y that identiﬁes the points a−1
and α0 and hence is continuous.
We will now show that each Yn subspace of X ×g Y has the fpp, and hence, X ×g Y has the fpp. If x = β0, then g−1(x)
is degenerate. Since g
T≈ Y is a topologist’s sine curve, g ∪ ({x} × Y ) is the wedge sum of two copies of the topologist’s sine
curve, which has the fpp.
If we consider Y1 = g∪({β0}×Y ), then Y1 is the sum of two copies of Y glued together at g−1(β0) = {a−1,α0} (recall the
comments immediately after Lemma 2). In X ×g Y , we have that g ∩ ({β0}× Y ) = {(b−1,a−1), (β0,α0)}. Hence, topologically
Y1 is two topologist’s sine curves glued together at the endpoints of their rays and glued together at an endpoint of their
limit bars.
By observing that the image (under a mapping of Y1 to itself) of the arc component of Y1 that is a topological interval
must either be a subset of itself or must be an interval lying in the non-compact arc component of Y1, it is easy to see that
Y1 has the fpp.
So, any Yn subcontinuum of X ×g Y is a ﬁnite wedge sum of topological copies of Y or of Y1 and copies of Y . It follows
that all Yn and, by Theorem 2, X ×g Y have the fpp. 
Acknowledgement
The authors wish to thank J. Prajs for suggesting a simpliﬁcation to the proof of Theorem 1.
C.L. Hagopian, M.M. Marsh / Topology and its Applications 157 (2010) 997–1001 1001References
[1] P.S. Alexandroff, P. Urysohn, Mémoire sur les espaces topologiques compacts, Verhandelingen der Koninklijke Akademie ven Wetenschappen te Ams-
terdam 14 (1929) 1–96.
[2] R.H. Bing, The elusive ﬁxed point property, Amer. Math. Monthly 76 (1969) 119–132.
[3] R.F. Brown, The ﬁxed point property and Cartesian products, Amer. Math. Monthly 89 (9) (1982) 654–678.
[4] R. Engelking, General Topology, Sigma Ser. Pure Math., vol. 6, Heldermann Verlag, Berlin, 1989.
[5] T.H. Foregger, C.L. Hagopian, M.M. Marsh, The Alexandroff–Urysohn square and the ﬁxed point property, Fixed Point Theory Appl. (2009), http://www.
hindawi.com/journals/fpta/2009/310832.abs.html.
[6] S. Husseini, The product of manifolds with the f.p.p. need not have the f.p.p., Amer. J. Math. 99 (1977) 919–931.
[7] R. Knill, Cones, products, and ﬁxed points, Fund. Math. 60 (1967) 35–46.
[8] W. Lopez, An example in the ﬁxed point theory of polyhedra, Bull. Amer. Math. Soc. 73 (1967) 922–924.
[9] M. Sobolewski, A curve with the ﬁxed point property whose cylinder admits a ﬁxed point free map, Houston J. Math. 31 (1) (2005) 239–253.
[10] L.A. Steen, J.A. Seebach Jr., Counterexamples in Topology, Holt, Rinehart Winston, New York, 1970.
